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0. Introduction 
For each element, a, in a Banach algebra, B, the spectrum, a(a), is a 
non-empty compact subset of the complexes. If the set of all compact 
subsets of the complexes is considered as a metric space with the Hausdorff-
Frechet metric (see [2], p. 112 sqq.), then the mapping a-+ a(a) is upper 
semi-continuous on B. This is proved by NEWBURGH [6], who also dis-
cussed some cases in which the mapping a-+ a(a) is in fact continuous. 
Commutative Banach algebras and algebras of matrices with complex 
coefficients are among these cases. If the mapping a-+ a(a) is continuous 
on B, we say that B has the property of strong spectral continuity (S.S.C.). 
For the development of a Banach algebra function theory (see DE BRUIJN 
[3]) it is very convenient if the algebra has S.S.C. The question, whether 
every Banach algebra has S.S.C., however, is answered in the negative 
by S. KAKUTANI, who by means of an example (given in [7] p. 282) 
showed that the algebra of all bounded linear operators on a separable 
Hilbert space lacks S.S.C. In the present paper we study algebras of 
matrices with coefficients in a commutative Banach algebra. We shall. 
prove that these algebras have S.S.C., thus extending the known result 
that algebras of matrices with complex coefficients have S.S.C. The 
principal tool is the extension of the Gelfand representation of B ([4]) 
to a representation of the matrices over B into complex-matrix-valued 
functions on the maximal ideal space of B. 
l. The algebra Mn(B) 
Mn(B) denotes the set of the n x n matrices with coefficients in the 
commutative Banach algebra B. We assume that B has an identity 
element, e. Scalar multiplication, addition and multiplication in Mn(B) 
are as usual for matrices. Elements of Mn(B) will be denoted by Latin 
capitals; At; denotes the entry in the ith. row and jth. column of A. The 
elements of Mn(B) can be considered as linear operators on the Banach 
algebra Bn, consisting of all ordered n-tuples of elements of B with 
coordinatewise sum- and product operations and 
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The norm in Mn(B) is the usual one for linear operators, hence 
n 
(1) [[A[[= sup [maxi=l, ... , nil! AiiaJ[[], 
i=l 
where the supremum is taken over all ai E B, [[ai[[ < 1 (i = 1, ... , n). With 
this norm Mn(B) is a Banach algebra. We have 
(2) 
Part of the relationship between B and Mn(B) is given by the following 
Theorem 1.1. The mapping D: B--+ Mn(B) given by 
a 
a 0 
D(a) = 
0 
a 
is an isometrical isomorphism of B into Mn(B). Moreover, D(B) is the 
center of Mn(B). 
Proof. Obviously the embedding D is an isomorphism. Since in B 
[[aai[[ < [[a[[[[ai[[, the definition (1) implies that 
[[D(a)[[ = sup max [[aat[[ <[[a[[ sup max [[ai[[ =[[a[[. 
On the other hand by (2) we have [[D(a)[[ >[[a[[, hence [[D(a)[[ =[[a[[. Since 
B has an identity element, 0 is the only annihilator of B. The proof 
that D(B) is the center of Mn(B), therefore, is the same as in the complex 
case. 
Of the many analogies with complex matrices we only mention that 
if B is a *algebra the definition 
(3) (i,j=1, ... ,n) 
makes Mn(B) into a *algebra. 
The determinant of an element, A, of Mn(B), det A, is defined in the 
usual way; it is an element of B. 
We will use the following notations: E the identity element of Mn(B), 
(so E = D( e)) ; G the set of regular elements of B; R( B) the radical of B; 
e(A) the complement of a(A); R(Mn(B)) the radical of Mn(B); Mn(R(B)) 
the set of all matrices with coefficients in R(B); Mn the algebra of the 
n x n matrices with complex coefficients; I the identity element of M n; 
X the maximal ideal space of B; O(X) the algebra of the continuous 
457 
functions on X; Mn(O(X)) the algebra of then x n matrices with coefficients 
in O(X). 
We remark that Mn(O(X)) is the algebra of all continuous mappings 
of X into Mn. 
2. The representation theorem and its consequences 
Theorem 2.1. Let a-+ a(x) be the Gelfand representation ([4]) of B 
into O(X), then the mapping A -+ A(x) given by (A(x))tt=Au(x) (i, j = 
= l, ... , n) is a continuous homomorphism of Mn(B) into Mn(O(X)). The 
kernel of this homomorphism is Mn(R(B)). 
Proof. All algebraic relations in Mn(B) can be expressed by relations 
for the coefficients of the elements involved. These, however, are ex-
pressions in B where the Gelfand representation is known to be a homo-
morphism. Since A <n> -+ A iff Aif> -+ At1 the continuity, too, follows from 
the continuity of the representation of B. 
Remark. Also the Gelfand-Naimark theorem (see e.g. [5] p. 230) 
carries over: if B is a commutative B-*algebra then with the definition (3) 
Mn(B) is also a B-*algebra and the representation is a continuous iso-
morphism of Mn(B) onto Mn(O(X)). 
For fixed x EX, Att(x) is a matrix with complex coefficients; its spectrum 
a(Au(x)) is the set of eigenvalues. The following theorem expresses the 
relation between the representation and the spectra of the elements of 
Mn(B). 
Theorem 2.2. For each A E Mn(B) 
a(A)= U a(A(x)). 
:>:£X 
Proof. A-AE is regular in Mn(B) iff det (A-A.E) is regular in B, 
hence, iff det (A(x)-Al};i,O, for all x EX. So 
e(A) = n e(A(x)). 
a: EX 
Corollary 2.3. If A is the triangular matrix 
( 
au 
A= 
0 
" then a(A)= U a(att). 
i- 1 
" Proof. a(A) = U {an(x), a22(x), ... , dnn(x)}= U au(X). By Gelfand's 
"'EX i- 1 
theorem a( au) =au(X). 
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Theorem 2.1 does not present the complete analogue of the Gelfand 
representation theorem in so far that it is not yet proved that the kernel 
of the representation equals the radical of Mn(B). We will prove this 
fact now. 
Theorem 2.4. R(Mn(B))=Mn(R(B)). 
Proof. A is in R(Mn(B)) iff E -ZA is regular for all Z E Mn(B) ([5] 
p. 163). Let l < l < n, l < k < n, and let Z be the matrix with Zzk = z, Zu = 0, 
i, j #l, k. Now det (E-ZA)=e-zAkz and since this should be regular in 
B for all z we find Akz E R(B). So we have R(Mn(B)) C Mn(R(B)). 
By Theorem 2.2 each element in Mn(R(B)) is topologically nilpotent, 
so in order to prove that Mn(R(B)) C R(Mn(B)) it suffices to show that 
Mn(R(B)) is an ideal ([7] p. 57). This, however, is an immediate conse-
quence of the fact that R(B) is an ideal. 
3. 8.8.0. 
Theorem 3.1. Mn(B) has S.S.C. 
Proof. By [1] (see Theorem 3.1) it suffices to prove that for every 
closed subset, V, of the complexes, the set Q(V) of all elements in Mn(B) 
with spectrum in V is closed. Let T( V) be the subset of all elements in 
Mn with spectrum in V. Since Mn has S.S.C., [l] (Theorem 3.1) implies 
thatT(V) is closed in Mn. For x EX let Qx(V)={A E Mn(B); A(x) E T(V)}. 
Since, for fixed x, the mapping A-+ A(x) is a continuous mapping of 
Mn(B) into Mn, and since Qx(V) is the inverse image of T(V) by this 
mapping, Qx(V) is closed. By Theorem 2.2 Q(V)= n Qx(V), so Q(V) 
is closed. .,. x 
From Corollary 2.3 it is clear that in Mn(B), unlike in Mn, some elements 
may have spectra with non-empty interiors. The following general theorem 
about S.S.C. involves the fact that subalgebras of Mn(B) also have S.S.C. 
Theorem 3.2. Let B1 be a Banach algebra with identity element, 
and B2 a Banach subalgebra of B1 having the same identity element. 
If B1 has S.S.C. then B2 has S.S.C. 
Proof. For z E B2, let a1(z) and a2(z) denote the spectra of z with 
respect to B1 resp. B2, then a1(z) C a2(z). Let 81, 82 denote the sets of the 
singular elements in B1 respectively B2. We have (B2 n boundary 81):) 
:) boundary 82 ([7] p. 22). By [l] (Theorem 3.1) we have to prove that 
for every closed subset V of the complexes the set Q2( V) of all elements 
of B2 with spectrum in V is closed. Let Zn E Q2( V), Zn -+ z, then also 
Zn E Q1( V) (the set of all elements in B1 with spectrum in V) and since 
Q1(V) is closed (by [1] Theorem 3.1), z E Q1(V). Suppose z f# Q2(V), then 
there is a A. with A. E a2(z), A. f# V. But then (zn-A.e)-+ (z-A.e), (zn-A.e) f#82, 
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(z- A.e) E S2, so z- A.e is in the boundary of S2, hence in the boundary of St, 
hence in St. But, since A ¢ V, z- A.e ¢St. So z E Q2( V), Q2( V) is closed, 
and B2 has S.S.C. 
Summary 
The Banach algebra Mn(B) of the n x n matrices with coefficients in 
the commutative Banach algebra B is studied. A representation for such 
matrices by means of complex-matrix-valued functions on the maximal 
ideal space of B is given. This representation provides a description of 
the spectra which enables the proof that in M n(B) the spectrum of an 
element depends continuously on the element. 
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